I. Introduction
Let F(x, y) = ao x ~ + al x r-1 y +... + ar yr be a binary form with rational integral coefficients, of degree r > 3.
In this paper we study the problem of providing upper bounds for the number of solutions of the Thue equation
F(x,y)=h,
( 1.1) and more precisely for the number of primitive solutions to (1.1), that is, solutions in coprime integers x, y. The first important results on the number of solutions of Thue's equation were obtained by C.L. Siegel, in the case r=3 and in the binomial case F(x,y)=axr-by r. In view of his results and comments, we should attribute to Siegel the problem to decide whether the number of primitive solutions to (1.1), for irreducible F of degree r > 3, could be bounded by a function depending only on r and h, but otherwise independent of F.
In 1983, Siegel's question was answered in the affirmative by J.-H. Evertse [2] . As a special case of his results (he also treats equations in number fields), Evertse obtains the bound 7' ~((~)+ ,)2 + 6 • 72(~) ~'+ 1) for the number of primitive solutions of (1.1), where t is the number of prime factors of the constant term h. Evertse's method uses ideas of Siegel and Baker to reduce the problem to equations in units in a number field and then to equations of binomial type axr-byr=c, again in number fields. Finally techniques of Pad6 approximations are used to deal with binomial equations.
We shall prove the following result. The arguments in this paper can be used to prove more general results. For example, if Air is the corresponding bound in the special case h= 1, one obtains N,.r t as a bound in the general case; this simple result appears to be new. Thus Evertse's theorem N3 < 12 (see [3] ) yields the much better bound 12 x 3 t in the case r=3. Other improved bounds (for example independent of h) may be obtained on additional assumptions, such as F having a large discriminant in comparison with a power of h.
It is perhaps worthwhile to indicate at this point the new aspects of our approach. The general line of attack to the problem, inaugurated by Siegel and Mahler and followed by almost every other researcher, deals rather efficiently with solutions x, y to F(x, y)= 1, as long as the maximum between Ixl and l yl is larger than a certain power of the height of F. The reason for success x in this case lies in the fact that if either x or y is large, then -is a very good Y approximation to a root of the equation F(~, 1)=0 and one can use diophantine approximation methods quite profitably.
There remains the problem of dealing with small solutions. Our approach depends on the remark that if we transform F(x, y) by the action of an element of SL(2, Z) the problem of counting solutions remains unchanged, while the diophantine approximation properties of F can change very drastically. Transformations in GL(2, Z) are also used to dispense with a technical hypothesis about the height of F.
The last part of the proof deals with the general case IF(x, y)l=h and its reduction to equations of type I Fi(x', y')[= 1. This is done by means of elementary p-adic analysis. In the case in which h is coprime with the discriminant of F our analysis is essentially equivalent to a simpler argument by Mahler [7] ; needless to say, it was Mahler's paper which inspired the present treatment, although the final result also appears to be new. See however Hooley [4] .
In the other direction, one may ask how large can Air be. The example
F(x, y)=x~ +c(x--y)(2x--y)... (rx--y)
shows that Nr>r for every r; hence our upper bound cl r is best possible except for the determination of cl. We have not discussed here the very important results obtained by Baker and others on the problem of locating effectively the solutions of Thue's equation, having been content with our much more modest goal of counting solutions. The interested reader will find an ample bibliography on the subject of Thue's equation in Evertse [2] .
